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Abstract. In nonlinear heat propagation processes in the article in multidimensional fields
devoted to the study of the effect of the heat source on the density of the environment.

In the course of work, a self-similar solution was built to solve the linear heat diffusion
equation according to the characteristics of the environment density and heat source, reaction-
diffusion processes were observed, and theorems were proved. The following results were obtained
from this work: a preliminary estimate for the double linear heat diffusion equation, the
localization process was observed, the finite velocity was approximated, new effects were
observed, and an algorithm based on the obtained self-similarity was constructed. solution, the
program code was created in the programming language and the process was modeled. All results
were compared.

Keywords: Reaction-diffusion, parabolic equation, asymptotic, finite speed,
approximation, conductivity of convective migration, self-similar, Multidimensional areas, system,
numerical solution.

BJIUSAHUE UCTOUYHUKA TEIUIA HA IIVIOTHOCTD CPE/IbI B TIPOLECCAX
HEJJMHEMHOI'O PACIIPOCTPAHEHMS TEILVIA B MHOI'OMEPHBIX IOJISIX

AHHOIM(H{M}I. B menunetinvix npoyeccax pacnpoCcmpdaHerus menjia cmamvi 6
MHOCOMEPHDBLX obnacmax noceAweHa U3y4erHuro 6IUAHUA UCMOYHUKA menid Ha nJiOmMHOCmb
cpeoul.

B xo00e pabomul 6vbi10 nocmpoerno agmomooenvHoe peuieHue 015 peueHus ITUHeUH020
ypasHenusi ouggyzuu menia no XapaKkmepucmuKam nioOmHOCMuU cpeodbl U UCMOYHUKA Mmenid,
HAbM00AIUCh PeakyUOHHO-OUDDY3uoHHble NpoYeccsl U 00KA3auvl meopemvl. B pesyrsmame
pabomul ObLIU NOTYUEHBL Cledyiowjue pe3yibmamvl. NPo8eoeHd NpeosapumenvHas OYeHKa OJis
080UHO20 JUHEUHO20 YPAGHEeHUsT Mena0oud@ysuu, ob6HaApydCceH npoyecc AOKATU3AYUL,
AnnpoOKCUMUPOBAHA KOHEUHASI CKOPOCMb, OOHAPYHCEHbL HOBble Ihhekmbl U NOCMPOEH aAneoOPUmm
HA 0CHOB€e NOJIYYEHHO20 camonooodus. /s pewenus 3a0auu Ovli CO30aH NPOSPAMMHBLI KOO HA
A3bIKE NPOSPAMMUPOBAHUSL U CMOOEIUPOBaH npoyecc. Bee pezyrbmamul cpagnusanucs.

Kniouesvte cnosa: Peaxyus-oughghysus, napabonuueckoe ypasHenue, aACUMRMOMUKA,
KOHe4YHaA CKopocmb, annpoxkcumayus, I’lpOGO@MMOCmb KOHBEKMUBHOU muepayuu,
CIGMOMO()e]leOCn’lb, MHOZOMeprle 06/zacmu, cucmema, HuCieHHoe peuerue.

Introduction

At present, one of the most frequent processes of quenching is the process of heat
dissipation, when the main phenomenon in this process depends on what area the heat is
distributed. The philosophy of Life shows that the spread of heat in nature can be either in a
multidimensional area or in a one-dimensional area. Of course, in this process, we must draw up
the evolutionary equation of the process, taking into account the density of the environment, the
positive or negative of the heat source, the heat capacity, the dependence of the environment on
the coefficient of heat transfer. As we know, the processes of heat dissipation in multidimensional
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areas are in a non-linear state. In such a process, the main attention is paid to heat capacity. For
the process of heat dissipation without any scratches, the initial temperature (Cauchy condition)
must be given. For non-linear heat dissipation, quasi-linear diffusion models, the spatial
localization property and the thermal dissipation effect with limited speed have been studied by
many scientists over the years. It was also used in nonlinear processes encountered in
multidimensional areas of the studied mathematical models and found new effects not
characteristic of linear equations. The scientific research devoted to nonlinear systems for cases of
varying density, conductibility capacity of the environment, conductibility of convective
migration, which leads to parabolic equations with distortion, has begun to be viewed as the main
problems of the present day. In order to impress the process of heat dissipation without lines in
multidimensional areas, we see the following equation in Q = {(t,x):te R,,x € R} area:

Au=—p, (X, +V(p2(}x|)1m‘l‘Vuk‘p_2Vu')+vVu +eyu” (1)
initial (Cauchy condition)
u(0,x)=u,(x)>0, 2)
let condition given.
Here u(x,t)-the temperature of the heat, v(t)ec(Q)-the speed of the environment,

,ol(jx|)=|x|7”,,oz(]x|)=|x|q -the density of the environment, which is a continuous function /-

parameter, u” - represents the positive (& = +1) or negative (& =—1) power of the source of heat.

(1) the equation represents a number of physical processes: the reaction diffusion process
in a non-linear environment, the heat dissipation process in a non-linear environment, the filtration
of liquid and gas in a non-linear environment, they represent the existence of the law of polytropy
and other non-linear displacements.

(1) the Cauchy issue and boundary value issues for the equation were observed by many
authors in one-dimensional and multi-dimensional cases [1-5].

(1) in the processes represented by the equation, the phenomenon of finite distribution of
temperature occurs [4]. In the presence of an absorption coefficient, the phenomenon of the “rear”
front can occur, that is, the Left front can stop after a certain time and move along the medium.

Solution method

There are many ways to find a solution to the above (1) equation: in functional analysis, it
is possible to solve with the help of spaces, in mathematical physics and differential equations, to
build differential operators, and in practical mathematics, mainly by methods of constructing an
self-similar solution.

(1) we write the equation for N=2 case as follows:

e T Y R
©)
2 vt V) vV

here, S5, #-1; 8- B,; #1, y,u’ - the source of heat,
u, (t,|x|)|t=0= uio(jx|)2 0, xeR",i=12-the balance of conditions.
(3) system of equations to be present in solutionin m=k,n=0,1=1,0< g <1
pP- [mi '(p _1)_
p-1
(3) in the system of equations, we perform the following substitution

position[3] # = 1],1< m <2, p>m-(p-1)-1
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here is the size of the space. This replacement is called a radial-symmetrical replacement.
From the above substitution (3) the system of equations changes as follows:

K[P2 A
,n(?_u _pn 0 p N1, m -1 ouy %j+ r‘lNV('[)Q(l’N1%)"‘7ﬁuzﬁ1

ot or Yoler or or or

p- I
o, J + r““v(t)g(r”‘l%j + y,u’%

ouy k
ar

r—na_U: (N i parN-1
ot or

g™t
2 or or or

(4) in order to solve the system of equations, we initially look for the solution as follows:

Ut r)=ve-w(§); s=rvi=12 (5)
here «, - the number being searched, W, - an unknown function, & - parameter, x = const.
(5) provisions (1) we apply to the system of equations:

r" % _ é;—n V—n,u[ai Vai—l V'Wi —ﬂVdi_1V'§Wi§]= é(5—nvozi—1—n;tvf[aiwi —Uf\Nig]; i =12
) -2
rn ﬁ rq+N—1u.mi—1% i ﬂ :égl—NVﬂ(p’q)ﬂLai(k(p*Z)Herifl)i é;quN—lW.mi—lM i d_W.I
or " lor or de boldé dé
r—nvg(rN&%):gl—NvlﬂziZyi 5N—1%
or or dé d&

yiugs =y hwg
V-we set the following conditions for the function:
V'Va' —1- neo_ a3_iﬂi

V—nﬂ'*“i_a‘""iﬁi’ldv =dt

1
v(t)= ATy +t)%
itishere A, =, —ay B —nu=0; A, =(ﬂ,0)% If: 4, =0 v(t)=ct: ¢, =const
As a result, we will have a new equality
/U(q_ p)+ai(mi +k(p—2)+| _1):1+0‘i —2u=oy,;p (6)
(6) from the equation, the following system of linear equations is formed:
al(ml+k(p_2)+| _2)+ﬂ(q_ p+2)=
- +a,f+2u=1 (7)
o f,—o,+2u=1
(7) we use the Kramer method to solve a system of equations:
m +k(p-2)+1-2 0 q-p+
A= -1 B 1 |=2B(m +k(p-2)+1-2)+(q-p+2)- BB, -(a-p+1)+
5, -1 1
+2(m1+k(p_2)+| _2): Z(ﬂl _1)'(m1 +k(p—2)+| —2)—((]— p+2)'(1_ﬂ1'ﬂ2)
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df*

do

" gt
—
do

2s 2s
df! (N szdzfi (N j(N ) df, 51 s
— |+|—0 ;=2 —+1| —o¢ — 4+ ——f"
do s do s s dp o

_E_l _é_l _é_g _ns
) ) 1) el ) o
S S S S S do S

a=const>0

) (e et

(1) - the following theorem and lemma were obtained from the solution of the problem
using the linear separation algorithm.

Lemma 1. Let Uy € Cy(R"). Then there are constant a, >0, T > exp(L+S(x—1))

S(u-1)
21— A+S(u-1))/InT

such that the function
S

u, (t,0) = [(T +t)IN(T +t)] sev+2 f (w ()& a,),

where (7) =(1+$j 2,

is the upper solution of problem (1)-(2).
Proof. It is sufficient to show that, under these constraints, function Q, = f(Sw(7);a,) is
the upper solution of problem (13)-(14) (i.e., D(Q,)<0) everywhere in

(lnT,+oo)><{|§| <& }

w(7)
Substituting function 1 in (13) we get.

1 2 S(uD+2  s(u-1)+2
DQ, = Poge] 2 18 F(r)-F,(z)+d ¥ A s & (15)
T u-1d

where

d= (azz)_ 523 e(o,ag), 7>InT,

1+—
T
S
F(T)_ S 1 _1 ; _ S(,Ll—l)
B s asu--2) 2y, s 2s(u-1)+4’
T T
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S S N S
143 s(u-)+2 s(u-1)+2
T
To fulfill inequality DQ, <0 in (10), it is necessary to fulfill condition F (z) >0 for all
7> InT, which takes place under the imposed conditions on T and s, specified in the conditions
of the lemma. Then, due to the uniform boundedness of ¢ functions F,(z) and F,(z), for all

sufficiently large a2, the inequality will be satisfied
(u-1)

EUENER Froriie) =
|:F2(T)AO ; }” saz{uﬂ':?—(r)},

which provides the implementation of inequality DQ, <0. In turn, for large a,, the

estimate is also valid
Q(8) <Q.(InT;8) = f(w(nT)Sa,),
and hence f((//(lnT)f;az) is the upper solution of problem (13)-(14) (Lemma 1.).

Respectively W, (t,@) is the upper solution of problem (4)-(5), and U, (t, X) is the problem (1)-
(2). The lemma is proved.

. 1
Theorem. For any function Uy € CO(R ) there are constants a_ > 0, a, > 0, and

F,(7) =

T >1 such that the solution of problem (1)-(2) in (T,+o0) x R* satisfies the inequality
[T +0)In(T + )] suv2 F(&a) <u(t,x) <[(T +1) IN(T +)] sz £ (& a,)

Proof. The validity of the theorem follows directly from Lemmas 1, where the existence of
lower and upper solutions is proved and the corresponding estimates are obtained. In this case, the

constant T is chosen taking into account the condition of Lemma 1 and requirement U(T,0) >0

, the constants d_ and A, , for example, as follows:

S
a = a=a,.1+——.
-S4, a, N7 T

Then, under the conditions of the theorem, we obtain
f(£;a)<Q(r &)< f(&a,)

everywhere in (INT;00) x Ri. Then the statement of the theorem follows taking into
account (13)-(14) and (4)-(5). The theorem is proved.

Results of numerical experiments and visualization

When solving the problem numerically, the equation is approximated on a grid using
an implicit scheme of variable directions (for the multidimensional case) in combination
with the balance method. Iterative processes were built on the basis of the Picard, Newton
method as well as special method.

A computational algorithm has been developed. When developing software that illustrates
the simulation process of solution behavior over time (visualization), the Visual Studio 2019 C#
environment was used with the inclusion of the Open GL graphics library.
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The results of computational experiments show that all iterative methods are suitable for
the constructed scheme. To achieve the same accuracy, the Newton method requires fewer
iterations than the Picard method. In some cases, the number of iterations is almost twice, and the
maximum number of iterations is 3-4 times less than in other methods. Since power-law
nonlinearity is present in the right-hand side of equation (1), naturally the special method gives
better results than the Picard method.

As a test example, we used solutions of equation (1) obtained by the methods of reference
equations and nonlinear splitting [2]. Figures 1-4 show the calculation results for various values
of parameters p,n,m,k,l, &, # and time.

Fig.3. p=2.1,n=1.2, m=1, k=1, I=1

Fig.4. p=2.3,n=1, m=1.2, k=1.3, I=1

Conclusion
The results of computational experiments show that all of the listed iterative methods
are effective for solving nonlinear problems and lead to nonlinear effects if we use self-similar
solutions constructed by the nonlinear splitting method and the standard equation method as the
initial approximation of the solution [4, 6].
As expected, in order to achieve an identical accuracy, the Newton method requires fewer
iterations than the methods of Picard and a special method because of the successful choice of the
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initial approximation. Note that in each of the cases considered, the Newton method has the best
convergence due to the choice of a good initial approximation.

In some cases, the total iteration amount is almost two times and the maximum iteration is
almost 4 times less than other methods.

The results of numerical calculations show the effect of the finite velocity of disturbance
propagation and the localization of the solution depends on the values of the numerical parameters.

All results of numerical experiments are presented in the form of visualizedanimation.
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