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Abstract: This article presents a detailed analysis of two advanced problems located at the
intersection of mathematical analysis and linear algebra. The first problem,demonstrates the
integration of a logarithmic function with a rational expression, solved using series expansion
techniques. The second problem involves the integration of a matrix-valued cosine function
under the Gaussian kernel, offering an approach to operator-valued functions and matrix
analysis. Both problems are designed to enhance students’ theoretical knowledge, logical
reasoning, and familiarity with competition-level mathematical problem-solving. The article
serves as a methodological guide for gifted learners aiming to deepen their understanding of
advanced mathematical concepts.

AnHoTanusi: B JaHHOW cTaThe NPOBOAMUTCSA MOAPOOHBIN aHAM3 JBYX CIIOXKHBIX 3ajad,
HAXOSAIIUXCS Ha TEpeceuyeHUH MaTeMaTHYeCKOro aHanu3a W JuHeHou anreOpsl. [lepsas
3aJadanpesicTaBiasier coboil  MHTerpan  jgorapuMUUECKOr  (QYHKUWHM, JENEHHOW Ha
palMOHAIBHOE BBIPAXKEHUE, W pEIIaeTcss METOAOM pas3liokeHus B psa. Bropas 3amaua
paccMaTpuBaeT MHTErpaj OT MATPUYHOM KOCHHYC-(QYHKIIMM C apryMEHTOM, 3aBHUCSILUAM OT
nepeMeHHoi, mon sapom [aycca. OO6e 3amaum HampaBi€HBl Ha pa3BUTHE y CTYIEHTOB
TEOPETUYECKUX 3HAHUM, AHAIUTUYECKOTO MBIIIJICHUS U HaBBIKOB DPELICHUS OJIMMIIMATHBIX
3amady. CraThsi OpHUEHTHPOBAHA HA OJAPEHHBIX YYAIIUXCS, CTPEMALIUXCS K TIIyOOKOMY
U3YYEHHIO MaTEMaTHKH.
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Introduction:

Mathematical analysis and linear algebra are core branches of mathematics that encompass a
wide range of complex yet fundamental problems. In particular, the theory of real-valued
functions, definite integration, and matrix operators are central to many modern theoretical
studies. This article focuses on two challenging problems that lie at the intersection of these
fields, both selected from high-level mathematical olympiads. Through detailed analysis and
exploration of solution strategies, the work aims to develop students’ abilities in independent
reasoning, applying formulas, and approaching unconventional mathematical problems with a
scientific mindset.
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BBenenue:

MareMaTHuecKkuii aHalM3 W JIMHEHHas ainreOpa SBISIIOTCA BaKHEHIIUMHU  paszenaMu
MaTeMaTHKH, BKJIIOYAIOIIMMU MHOXECTBO CIIOXKHBIX, HO (pyHIaMeHTaIbHbIX 3a1a4. OcoOeHHO
aKTyaJbHBI B COBPEMEHHOW HayKe TaKWe HaIlpaBJICHHs, KaK TeOpUsl GYHKIUHN TEHCTBUTEIHLHOTO
IIEPEMEHHOI0, OIpEAEIEHHBIE HHTErpajlbl M MaTpU4YHBIE oOneparopbl. B naHHOW craThe
paccMaTpuBarOTCs ABE CIOXHBIE 337a4d OJIMMIIMATHOTO YPOBHS, OOBEAMHSIONINE YKa3aHHbIE
HanpasieHus. [lyréM ux moxpoOHOro aHanaM3a M IOLIATOBOIO PELIEHUS aBTOP CTPEMUTCS
c(OpMHPOBATH Y CTYICHTOB HaBBIKUA CAMOCTOSATEIBHOTO MBIIIJICHHS, TPAMOTHOTO TIPUMEHEHUS
(GbopMyI1 1 HAy4HOTO M0/IX0J]a K HECTaHJapTHBIM MaTeMaTHUYECKUM 3a]lauaM.

« 0 x
= ¥ cos(o 0 ga’x
0 0 0O
Solution:

To solve the given example, we use the Maclaurin series expansion of the cosx function:

Calculate:

f (X) f (X

f(x) £7(x)
0~ X)+ 1 o X+ 3 X+ + p X
R I S
OSX= 2= a el el 100 T T @2
_ o hnen
COS X= (2/7)!
m=0
0 x
If we take A= (O 0 g and replace x with A, it is not difficult to see that A°=/; .(I-unit
0 0O
matrix)
0 x 0 x 0 0 ¥
A2:AA=<O 0 g<o 0 g=<o 0 0)
0O 0 0/\0 O 0O 0 O
0 0 ¥\/0 0 X 0 0O
A=&#/=[0 0 0]{o 0 0|=(0 0 O
0O 0O 0/\0 O O 0 0O
A== = =A"=0; (O3—zero matrix).
So,
12100 1/0 0 X 10-?
COSA=hL—ZA=|0 1 0)—%= =
2770 0 ) 20 0 o) lo1 o
0 0 1
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it follows that.

® 0 ® -
= -2 0O O = -2 10 2 =
00 0 . 01 O
0 00 1
0 2
2 2 -7 ° °
(o] — O _ [ee)
= 2 2 = O -2 O
0 0 O2 0
0 0 - o
0 0 -
0
1. The last obtained integrals are calculated:
1
o _ X2:t X=r w1 1 r(= J7
o € < ax= 1L x=0 int=0 = o ;L ?2€ tdt:%:f
ax==t 2dt { .
2 X=00 [N =00
1
2 — = 2 1 r(g)
oo_ 2 — 2 _ — ©]l = _ —_ —_
2 0 N e R === =
2 = oo = o
_1-(1 —_ i\,
2r(2+1)_ 2 2r(2)_ 4
If we rely on the last obtained results,
T 0 T
oo 0 x 2 8 1 0 1
= -z
= e*cos(0 0 x|ax=| 0 YT ¢ _Vm 4
00 0 2 210 1 O
0 T 00 1
O 0 ——
2
it follows that.
Answer:
* 0 x 1 0 —-=
T
I= e*cos|0 0 x a’)(z£ 4
00 0 210 1 O
0 00 1
Calculate:
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1
In(x+1)

X+1
0

Solution:

1 i )
X=tan a dx=— we introduce the notation.
coa

Iy

/4
1 4 4
In(x+1) In(tana+1) 1

= . da= In(tana+1)da
, xX+1 ) tarfa+l cosa ) ( )

azf—a dx=da

4 0 tan— — tan
_ _ o 4
In(tan +1) = |n(tan(Z )+1)( Y= In +1
0 ~ o \l+tanztan
4 1 4 4
= (1_ta” +1> = ( 2 ) = In2 In(tan +1)
= "I+ tan = "I+ tan = ntan
0 0 0 0
Vs Vs
4 4

2 In(tana+1l)da= In2da
0

ENN]
Ny O

1
In (tan a+1)a’a=§ In2da
0 0

i _ i_nm

o In2da=(In2)ai 0—4In2
From this,

Zln (tan a+1)da=§ In2 it follows that.

Answer:

ENN]

1
In(x+1)

£+
0 0

T
In(tan a+1) a’azg In2

Conclusion:
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In this article, two complex problems of integral calculus are examined, requiring profound
knowledge of mathematical analysis and linear algebra. The first problem demonstrates the
analysis of a logarithmic expression through series integration, while the second provides new
approaches to working with matrix functions. Both problems serve to develop skills in
Olympiad-level thinking, formula manipulation, and generalization. Furthermore, the article is
structured on a methodological approach, which is of great importance in fostering students’
abilities for deep analysis, independent thinking, and preparation for scientific communication.
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